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Adding the maximally mixed state with some weight to the entanglement sys-
tem leads to disentanglement of the latter. For each predefined entangled state
there exists a minimal value of this weight for which the system loses its entan-
glement properties. We propose to use this value as a quantitative measure of
entanglement. For a two-qubit pure state an exact expression of this measure is
obtained. Finally, in the same way, the entanglement of special cases of mixed
two-qubit states is calculated.
Key words: measure of entanglement; mixed state; entangled state; two-qubit
system.
1 Introduction
Entanglement is a property which appears only for quantum-mechanical sys-
tem [1]. It plays a crucial role in quantum-mechanical processes and is impor-
tant for implementation of quantum-information algorithms. Testing Bell’s
inequality [2] for entangled states of photons, Aspect et al. experimentally
solved the EPR paradox [3]. The simplest scheme of quantum teleportation
of the qubit state [4], which was experimentally realized by Zeilinger’s group
[5], requires the preparation of a two-qubit entangled state as a quantum
channel. The efficiency of quantum computers [6, 7] is due to algorithms
based on the preparation of quantum entangled states (see, for instance,
[8, 9, 10, 11]). In [12, 13] it was shown that presence of entanglement in a
quantum system enhances the speed of evolution of this system. Thus, the
evolution of the system through entangled states occurs more rapidly than
through disentangled ones. This property is important for optimization of
quantum calculations. The connection between the degree of entanglement
and time of evolution was also studied in papers [14, 15, 16, 17].
So, the efficiency of the implementation of the above-mentioned processes
depends on the degree of entanglement in a system. Therefore, it is necessary
to quantify the value of the entanglement of a particular quantum state.
For this purpose, different measures of entanglement were proposed. The
most basic measure for the bipartite system is called the entanglement of
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formation, which is defined as follows [18]
E(ρ) = min
∑
i
piE(|ψi〉). (1)
This is the average entanglement of the pure states |ψi〉 of the decomposition
minimized over all decompositions of mixed states ρ with probabilities pi,
which satisfies condition
∑
i pi = 1. Here the entanglement of the pure state
is defined as an entropy of either of the two subsystem A and B [19, 20]
E(|ψ〉) = −Tr (ρA log2 ρA) = −Tr (ρB log2 ρB) , (2)
where ρA(B) is the partial trace of |ψ〉〈ψ| over the subsystem B(A). In [21],
Wootters presented an explicit formula for finding the value of entanglement
(concurrence C) of a two-qubit state. He obtained that the value of entan-
glement of a particular two-qubit state defined by density matrix ρ can be
calculated as follows
C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}. (3)
Here, λi are the eigenvalues, in decreasing order, of the Hermitian matrix
R =
√√
ρρ˜
√
ρ, where ρ˜ = (σy ⊗ σy) ρ∗ (σy ⊗ σy). Note that λi are real and
positive numbers. For calculations it is convenient to use the eigenvalues of
the non-Hermitian matrix ρρ˜ which have the form λ2i . Another interesting
definition of the measure of entanglement is the geometric measure of entan-
glement proposed by Shimony [22]. Its properties and different definitions
were considered in papers [23, 24] and [25], respectively. In paper [26], the
geometrical measure was quantified in terms of mean values of observables of
the entangled system. An algorithm to explore entanglement of a bipartite
system based on maximization of the Schmidt norms was discussed in paper
[27].
We propose to quantify the measure of entanglement in terms of mixing.
Adding the maximally mixed state with a certain weight to the entangled
state leads to its factorization. So, the minimal value of weight that trans-
forms the system into a disentangled state can be used as a degree of entan-
glement of this system. In the present paper, we apply this consideration
to a two-qubit system (section 2). As a result, in section 3, we obtain an
explicit expression for the entanglement measure in the case of pure states.
Also, in section 4 we consider some special cases of mixed states. Finally,
the discussion is presented in section 5.
2
2 Space of a two-qubit quantum state
An arbitrary two-qubit quantum state ρ0 can be expressed as the decompo-
sition of the pure states
ρ0 =
∑
i
piρi, (4)
where
ρi = |ψi〉〈ψi| (5)
is the density matrix of the pure state |ψi〉 with probability pi. State (4)
is defined by fifteen real parameters. Therefore, the space which contains
all two-qubit quantum states is 15-dimensional. This space is bounded by
14-dimensional manifold which contains all pure states and mixed states
of rank-2 and 3. Inside the space there are the mixed states with rank-4
containing the maximally mixed state
ρmax =
1
4
I, (6)
where I is the unit matrix. This space is divided into domain that contains
entangled states and convex domain that contains disentangled states. The
transition from any entangled state to disentangled state can be accomplished
by adding the maximally mixed state (6) with the weight coefficient ω ∈ [0, 1]
as follows
ρ = (1− ω)ρ0 + ωρmax. (7)
For each predefined entangled state ρ0 there exists the minimal weight ωc
for which state (7) becomes disentangled. The value of ωc depends on the
degree of the entanglement of state ρ0. The lower degree of the entanglement
of ρ0, the smaller value takes the ωc, and vice versa. So, this parameter can
be used as a quantitative measure of entanglement of quantum states. It is
worth noting that such considerations are valid for any many-body quantum
system. In the following section we obtain the exact expression for ωc in the
case of a pure quantum state of two qubits. For a mixed state it is difficult
to obtain a general expression for ωc. Therefore, we consider some special
cases of mixed states.
3 Entanglement of a pure quantum state
In general, an arbitrary quantum state of two qubits can be represented by
the Schmidt decomposition
|ψ〉 = c1|α1〉|β1〉+ c2eiχ|α2〉|β2〉, (8)
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where |α1〉, |α2〉 are the orthogonal states which belong to the first qubit
|α1〉 = | ↑〉+ α| ↓〉√
1 + |α|2 , |α2〉 =
α∗| ↑〉 − | ↓〉√
1 + |α|2 ,
and |β1〉, |β2〉 are the orthogonal states which belong to the second qubit
|β1〉 = | ↑〉+ β| ↓〉√
1 + |β|2 , |β2〉 =
β∗| ↑〉 − | ↓〉√
1 + |β|2 .
Here α, β are some complex parameters and χ is some real parameter. The
Schmidt coefficients c1 and c2 are real and positive satisfying the normaliza-
tion condition c21+c
2
2 = 1. Representation (8) is useful for calculating measure
of entanglement between qubits. Indeed, using concurrence (3) with state (8)
we obtain that its value of entanglement is defined only by the Schmidt co-
efficients as follows
C(|ψ〉) = 2c1c2. (9)
It achieves the maximal value (C = 1) when c1 = c2 = 1/
√
2. Note that
making the local unitary transformations with the first and second qubits in
state (8) we can reach state [28]
|ψ〉 = c1| ↑↑〉+ c2| ↓↓〉. (10)
These transformations do not change the entanglement of the system. There-
fore, for further calculations of entanglement we use state (10).
Let us study the influence of the unit matrix on the value of entanglement
of state (10). For this purpose we construct the density matrix of this state
and add maximally mixed state (6) to it. As a result, the state of the system
becomes mixed. In the basis spanned by the states | ↑↑〉 and | ↓↓〉 the density
matrix of this state takes the form
ρ =


(1− ω)c21 + ω4 0 0 (1− ω)c1c2
0 ω
4
0 0
0 0 ω
4
0
(1− ω)c1c2 0 0 (1− ω)c22 + ω4

 . (11)
Here ω defines the degree of mixing of quantum state. The value of ω = 1
corresponds to the maximally mixed state. Using definition of concurrence
(3) let us calculate the degree of entanglement for state (11) (see appendix
A)
C(ρ) = max{0, (1− ω) 2c1c2 − ω/2}. (12)
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As we can see that concurrence of mixed state (11) contains concurrence (9)
of pure state (8). We obtain the critical (minimal) value of ω, for which
pure state (10) becomes disentangled, when we equate to zero expression
(1− ω) 2c1c2−ω/2 and then solve it with respect to ω. As a result we obtain
ωc =
C(|ψ〉)
C(|ψ〉) + 1/2 , (13)
where C(|ψ〉) is defined by equation (9). This expression takes the maximal
value 2/3 for c1 = c2 = 1/
√
2, which corresponds to the maximally entangled
pure state (8), and minimal value 0 for c1 = 0 or c2 = 0, which corresponds
to the disentangled pure state. The value of ωc indicates the ”amount” of
unit matrix that must be added to pure state (8) with predefined c1 and c2
in order to disentangle it. So, the value of ωc can be used as a measure of
entanglement of pure quantum state. Then value ωc = 0 corresponds to the
disentangled state and ωc = 2/3 corresponds to maximally entangled state.
Note that if the initial state is spanned by the basis vectors | ↑↑〉, | ↑↓〉, | ↓↑〉
and | ↓↓〉 as follows a| ↑↑〉+ b| ↑↓〉+ c| ↓↑〉+ d| ↓↓〉 then c1c2 in formula (13)
should be changed into |ad− bc|. Here a, b, c and d are complex parameters
which satisfy the normalization condition |a|2 + |b|2 + |c|2 + |d|2 = 1.
4 Entanglement of a mixed quantum state
For an arbitrary two-qubit mixed state it is difficult to obtain a general
expression of ωc. Therefore, in this section we consider special cases of mixed
states.
First of all, let us study the entanglement of rank-2 mixed state ρ0 with
density matrix (4), where state |ψi〉 is given on subspace spanned by vectors
| ↑↑〉, | ↓↓〉 as follows
|ψi〉 = c1i| ↑↑〉+ c2ieiχi | ↓↓〉. (14)
Here cij, χi are real coefficients which satisfy the normalization condition
c21i + c
2
2i = 1, and the number of states in ensemble can be arbitrary. The
mixture of this state with maximally mixed one (6) takes the form
ρ =


(1− ω)∑i pic21i + ω4 0 0 (1− ω)∑i pic1ic2ie−iχi
0 ω
4
0 0
0 0 ω
4
0
(1− ω)∑i pic1ic2ieiχi 0 0 (1− ω)∑i pic22i + ω4

 . (15)
By making the same calculations as in the previous case (see appendix A) we
obtain that the minimal value of weigh ωc which transforms state (15) into
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disentangled one has the same form as in case of pure state (13), hovewer,
one should replace C(|ψ〉) with the following expression
C(ρ0) = 2


(∑
i
pic1ic2i cosχi
)2
+
(∑
i
pic1ic2i sinχi
)2
1/2
. (16)
This expression defines the concurrence of state (15) with ω = 0. As we can
see, this state takes the maximal value of entanglement if c1i = c2i = 1/
√
2
and if all the χi are equal to each other. Note that this result is valid in the
case of mixed states which are defined on the subspace spanned by vectors
| ↑↓〉, | ↓↑〉.
Now let us consider a more general case, namely, a mixed state of rank-
4. For this purpose we prepare the mixture of the above discussed rank-2
mixed states spanned by | ↑↑〉, | ↓↓〉 and | ↑↓〉, | ↓↑〉 vectors, respectively.
The density matrix of this mixture with maximally mixed state (6) takes the
form
ρ =


(1− ω)∑i pic21i + ω4 0 0 (1− ω)∑i pic1ic2ie−iχi
0 0 0 0
0 0 0 0
(1− ω)∑i pic1ic2ieiχi 0 0 (1− ω)∑i pic22i + ω4


+


0 0 0 0
0 (1− ω)∑i qid21i + ω4 (1− ω)∑i qid1id2ie−iφi 0
0 (1− ω)∑i qid1id2ieiφi (1− ω)∑i qid22i + ω4 0
0 0 0 0

 , (17)
where qi and dij, φi are the probabilities and parameters which define the
part of state spanned by vectors | ↑↓〉, | ↓↑〉. Here, parameters dij satisfy
the normalization condition d21i + d
2
2i = 1, and for probabilities we have the
following condition
∑
i pi +
∑
i qi = 1. It is worth noting that this case
includes a rank-3 state if we leave only one component of the density matrix
that corresponds to the first or second subspace, respectively.
Constructing for state (17) the R matrix defined after expression (3) we
obtain its eigenvalues
λ1,2 =
[
(1− ω)2A2 + ω
4
(1− ω)P +
(ω
4
)2]1/2
± (1− ω)F,
λ3,4 =
[
(1− ω)2B2 + ω
4
(1− ω)Q+
(ω
4
)2]1/2
± (1− ω)G, (18)
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where
A =
[∑
i,j
pipjc
2
1ic
2
2j
]1/2
, B =
[∑
i,j
qiqjd
2
1id
2
2j
]1/2
,
F =


(∑
i
pic1ic2i cosχi
)2
+
(∑
i
pic1ic2i sinχi
)2
1/2
,
G =

(∑
i
qid1id2i cos φi
)2
+
(∑
i
qid1id2i sinφi
)2
1/2
,
P =
∑
i
pi, Q =
∑
i
qi.
Since λ1 ≥ λ2 and λ3 ≥ λ4, and eigenvalues λ1,2 and λ3,4 are symmetric
between themselves, it is enough to obtain the expression for ωc in the case
of λ1 ≥ λ3. Then the concurrence has the form
C(ρ) = max
{
0, 2(1− ω)F − 2
[
(1− ω)2B2 + ω
4
(1− ω)Q+
(ω
4
)2]1/2}
.(19)
For an entangled state the value in curly brackets is positive, and ωc is the
following
ωc =
8(F 2 − B2) +Q−
√
Q2 + 4(F 2 −B2)
8(F 2 − B2) + 2Q− 1/2 . (20)
Note that in the opposite case of λ3 ≥ λ1 one should make the following
replacemets in this expression: F → G, B → A and Q → P . Value (20)
vanishes when F = B, and increases when B tends to zero. For the case of
Q = 0 expression (20) turns into expression for rank-2 state (13) with C(ρ0)
defined by formula (16). It is worth noting that the entanglement of mixture
of mixed states with the same entanglement and which belong to different
subspaces always equals 0. This fact is easy to check if we put λ1 = λ3 and
λ2 = λ4 in Wooters equation (3).
So, the entanglement of the mixture of states from subspaces defined by
vectors | ↑↑〉, | ↓↓〉 and | ↑↓〉, | ↓↑〉 is always less than the more entangled
component of this mixture. Moreover, if we mix the states with the same
entanglement from these subspaces then we obtain the disentangled state.
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5 Discussion
Adding the maximally mixed state with some weight to the density matrix
of entangled system leads to its disentanglement. For each entangled state
there exists a critical (minimal) value of this weight for which the system
ceases to be entangled. Moreover, for a more entangled state this value is
greater and vice versa. We proposed to use this weight as a quantitative
measure of entanglement. We apply these considerations on a two-qubit
system. Namely, explicit expression (13) of this measure for any predefined
two-qubit pure state was obtained. It was shown that if the state is maximally
entangled then the two-thirds of the maximally mixed state should be added
to the pure state to transform it into a disentangled state. Therefore, this
measure takes the values between 2/3 for maximally entangled states and 0
for factorized ones. In the case of mixed states, we were not able to obtain a
general expression for this weight. However, we considered the special cases
of mixed states. For a rank-2 mixed state spanned by vectors | ↑↑〉, | ↓↓〉
or | ↑↓〉, | ↓↑〉 it was shown that the measure of entanglement is determined
by expression (13) with (16). Finally, we mixed the states from these two
subspaces and obtained expression for the measure of entanglement (20). As
a result we showed that the entanglement of such a mixture is always less
than the more entangled component of it.
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Appendices
Appendix A Derivation of ωc for pure two-
qubit quantum state
In this appendix using Wootters definition of concurrence (3) we obtain the
degree of entanglement of state (11). In this case matrix ρ˜ has the form
ρ˜ = (σy ⊗ σy) ρ∗ (σy ⊗ σy) =


(1− ω)c22 + ω4 0 0 (1− ω)c1c2
0 ω
4
0 0
0 0 ω
4
0
(1− ω)c1c2 0 0 (1− ω)c21 + ω4

 .
(A1)
The matrix ρρ˜ can be expressed as follows
ρρ˜ =

 2(1 − ω)2c21c22 +
ω
4
(1− ω) +
(
ω
4
)
2
0 0 2
(
(1− ω)c2
1
+ ω
4
)
(1− ω)c1c2
0
(
ω
4
)
2
0 0
0 0
(
ω
4
)
2
0
2
(
(1− ω)c2
2
+ ω
4
)
(1− ω)c1c2 0 0 2(1 − ω)2c21c
2
2
+ ω
4
(1− ω) +
(
ω
4
)
2

 .
(A2)
Then the eigenvalues λ2i of this matrix satisfy the following equations
λ4 − 2λ2
[
2(1− ω)2c21c22 +
ω
4
− 3
(ω
4
)2]
+
(
ω
4
− 3
(ω
4
)2)2
= 0,(
λ2 −
(ω
4
)2)2
= 0. (A3)
Solving these equations we take into account only the positive solutions and
write them in decreasing order
λ1 =
√
(1− ω)2c21c22 +
ω
4
− 3
(ω
4
)2
+ (1− ω)c1c2
λ2 =
√
(1− ω)2c21c22 +
ω
4
− 3
(ω
4
)2
− (1− ω)c1c2
λ3,4 =
ω
4
. (A4)
Now, substituting these eigenvalues in formula (3) we obtain expression (12).
Then equating to zero expression (1− ω) 2c1c2 − ω/2 and solving it with
respect to ω we obtain formula (13).
9
References
[1] R. Horodecki, P. Horodecki, M. Horodecki, K. Horodecki, Rev. Mod.
Phys. 81, 865 (2009).
[2] J. S. Bell, Physics 1, 195 (1964).
[3] A. Aspect, J. Dalibard, G. Roger, Phys. Rev. Lett. 49, 1804 (1982).
[4] C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres, W. K.
Wootters, Phys. Rev. Lett. 70, 1895 (1993).
[5] D. Bouwmeester, Jian-Wei Pan, K. Mattle, M. Eibl, H. Weinfurter and
A. Zeilinger, Nature 390, 575 (1997).
[6] R. P. Feynman, Int. J. Theor. Phys. 21, 467 (1982).
[7] B. E. Kane, Nature 393. 133 (1998).
[8] A. Barenco, C. H. Bennett, R. Cleve, D. P. DiVincenzo, N. Margolus,
P. Shor, T. Sleator, J. A. Smolin, H. Weinfurter, Phys. Rev. A. 52, 3457
(1995).
[9] D. P. DiVincenzo, D. Bacon, J. Kempe, G. Burkard, K. B. Whaley,
Nature 408, 339 (2000).
[10] A. Yu. Kitaev, A. H. Shen, M. N. Vyalyi, Classical and Quantum Com-
putation (American Mathematical Society, USA, 2002).
[11] T. Krokhmalskii, J. Phys. Stud. 8, 1 (2004).
[12] V. Giovannetti, S. Lloyd, L. Maccone, Europhys. Lett. 62, 615 (2003).
[13] V. Giovannetti, S. Lloyd, L. Maccone, Phys. Rev. A 67, 052109 (2003).
[14] C. Zander, A. R. Plastino, A. Plastino, M. Casas, J. Phys. A 40, 2861
(2007).
[15] A. Borras, C. Zander, A. R. Plastino, M. Casas, A. Plastino, Europhys.
Lett. 81, 30007 (2008).
[16] A. Borras, A. R. Plastino, M. Casas, A. Plastino, Phys. Rev. A 78,
052104 (2008).
[17] Bao-Kui Zhao, Fu-Guo Deng, Feng-Shou Zhang, Hong-Yu Zhou, Phys.
Rev. A 80, 052106 (2009).
10
[18] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, W. K. Wootters, Phys.
Rev. A 54, 3824 (1996).
[19] C. H. Bennett, H. J. Bernstein, S. Popescu, B. Schumacher, Phys. Rev.
A 53, 2046 (1996).
[20] S. Popescu, D. Rohrlich, Phys. Rev. A 56, R3319(R) (1997).
[21] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[22] A. Shimony, Ann. N. Y. Acad. Sci. 755, 675 (1995).
[23] D. C. Brody, L. P. Hughston, J. Geom. Phys. 38, 19 (2001).
[24] T. C. Wei, P. M. Goldbart, Phys. Rev. A 68, 042307 (2003).
[25] L. Chen, M. Aulbach, M. Hajdusˇek, Phys. Rev. A 89, 042305 (2014).
[26] A. M. Frydryszak, M. I. Samar, V. M. Tkachuk, Eur. Phys. J. D 71,
233 (2017).
[27] R. Reuvers, Proc. R. Soc. A 474, 20180023 (2018).
[28] A. R. Kuzmak, V. M. Tkachuk, Phys. Lett. A 378, 1469 (2014).
11
